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We studied the consistency of the semi-parametric maximum likelihood estimator (SMLE) under the Cox regression model with right-censored

Consistency proofs of the MLE are often based on the Shannon-Kolmogorov inequality, which requires finite £(InL), where L is the likelihood

The results of this study show that one property of the semi-parametric MLE (SMLE) is established.

Under the Cox model with RC data, E(InL) may not exist. We used the Kullback-Leibler information inequality in our proof.
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1. INTRODUCTION 2. METHODS

We studied the consistency of the semi-parametric
maximum likelihood estimator (SMLE) under the Cox model
with right-censored (RC) data.

Let Y be a random survival time, X a p-dimensional
random covariate. Conditional on X = x, Y satisfies the Cox
model if its hazard function satisfies

h(y|x) = ho (y) &, ¥ < 1y, (L.1)

where /4, is the baseline hazard function, i.e., &, (v) =f, (v)

/S, (y-), f, is a density function, S, (y) = S(;|0)%&f P(Y>y X =
- - . _fow

)9 Fa =1- So! Ty = Sup{tSY(t) > 0}: h(y‘x) T Ss(y-1%)"? S(‘)ﬂ')
orF(:|-)) is the conditional survival function (density function
(df) or cumulative distribution function (cdf)) of ¥ given X = X-
The restriction y<t, is not in the original definition of the PH
model, but is necessary if S, is discontinuous at 7, (see Remark
L[1])
* Address correspondence to this author at the Department of Mathematical
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In this paper, we shall make use of the assumptions as
follows:

AS1. Suppose that C is a random variable with the df /. (¢)
and the survival function S, (¢), X takes at least p +1 values,
say 0, x,, ..., X,, where x,, ..., X, are linearly independent, (¥,X)
and C are independent. Let (¥,,X,,C)), ..., (¥,,X,,C,) be i.i.d.
random vectors from (¥,X,C). M = min(Y,C) and 6 = 1(Y < O),
where 1(4) is the indicator function of the event A. Let (M,
0,X)), ... (M, 9,, X,) be i.i.d. RC observations from (M, J, X)

with the df are as follows:

Fusx(m,8,%) = (Serlfe(m) '™ (F (mIx)S(m)) ()

where m €D

(1.2)

D= {(—oo,rM] if PY=tylX=0)=00rP(C =1Yy) >0
(=0, Ty) otherwise,

Ty = sup{x: Sy (x) > 0},5,(zy) < 1,

and S(¢|x) is a function of (S,, £) (see Eq. (1.1)), but not f,
and f_ (the df’s of X and C).

Due to (AS1) and Eq. (1.2), the generalized likelihood
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function can be written as:

(1-8)

L (S0, B) = TS I(SM:1x0) 2 (s, — 1x) — smy1x)*1, (1.3)

which coincides with the standard form of the generalized
likelihood [2]. Eq. (1.3) is identical to the next expression:

1-6;

L (S0 B) = T [(S(M1XD) ™% (S(M; = malX) — SMi1X))™ ] (1.4)

where n, = min{|M-M|: M, # M,,i,j € {1,2, ..., n}}. This
form allows S,to be arbitrary (discrete or continuous, or
others), thus is more convenient in the later proofs. If Y is
continuous then S(#|x) = (S(#{0))**™” = (S, (1))™**”, but

S(t |x) # (S(t |0))™** &) under the discrete Cox model ( [3]). (1.5)

If Y is discrete then S(7x) = [1,.(1 - A(s|x)) = [[.<(1 - he
(s)e*®) If Y has a mixture distribution, then S(f|x)= p
Su@)™*) + (1 - p) [1=(1 - hyp(s)e™” where p € (0,1), hy, and
hy, are two hazard functions. A, (¢) = phy, + (1 - p)hy, and S, (¢) =
PSot + (1 -p)Sy,

The SMLE of (S,, ) maximizes L (S, b) overall possible
survival function S and b€ R’, denoted by (S, §). The SMLE
of S(#|x) is denoted by § (¢]x), which is a function of (o, ).
The computation issue of the SMLE under the Cox model has
been studied, but its consistency has not been established under
the model [3]. Their simulation results suggest that the SMLE

is more efficient than the partial likelihood estimator under the
Cox model.

The partial likelihood estimator is a common estimator
under the Cox model, which maximizes the partial likelihood:

L(,:l_[ienzkexp(ﬁ X0 where D is the collection of

er; exp(B'Xk) '
indices of the exact observations and R, is the risk set {j: M, >
Y}. The asymptotic properties of the estimator are well
understood [4].
The consistency of the SMLE under the continuous Cox
model with interval-censored (IC) data has been established,
making use of the following result [5]:

The Shannon-Kolmogorov (S-K) inequality. Let f, and f
be two densities with respect to (w.r.t.) a measure y and [ f; (t)ln
fo (du(?) is finite. Then, [ £, (O)In f; ()du(?) > [ £, (Oln f (©)du(),
with equality iff f=f, a.e. w.r.t. u.

Under the Cox model with IC data, the S-K inequality
becomes E (InL(S,, f)) =E (InL(S, b)) V (S, b), where L(-, -) is
the likelihood function of the Cox model with IC data, which is
different from L ( -, -) in Eq. (1.3) and S is a baseline survival
function and b € R”. Their approach cannot be extended to the
Cox model with RC data as the key assumption (in the S-K

()
f2(®)

f1(t)
()

0<[fi®)InT—=du(t) +u,(t))

f(t)
f2(6)

= [A®OWm=du,(t) + [ /(DI
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inequality) [3].
That is, finite £ (InL (S,, £)), may not hold. Indeed, if ¥ has
@ df fot) o 20234 5 =4 ang g = 0, then L

x(Inx)?
(SO' ﬁ) =
Lo fo(lnfo(x) o [, —=———

A related inequality is as follows.

P (fo(¥) and E(INL)) =

Inx+2lninx __
x(Inx)?2

The Kullback-Leibler (K-L) information inequality. Let
£, and f be two densities w.r.t. a measure u. Then | f, (Hln (fo

H@Odu(t) > 0, with equality iff f= f.a.e. w.r.t. .

The K-L inequality says that [ f; ()In (f; /)()du(f) exists,
though it maybe c. The two inequalities are not equivalent. In
fact,

[ fo®In fo(Odu(t) =0 if [ fo(OIn fo(B)du(t)
> [ fo(®)ln fF(©)du(t).

In this note, we show that the SMLE under the Cox model
is consistent, making use of the Kullback-Leibler information
inequality [6]

2. The Main Results. Notice that under the assumption
that 4, exists, S,, f,, F, and &, are equivalent, in the sense that
given one of them, the other 3 functions can be derived. Thus,
the Cox model is applicable only to the distributions that the
density functions exist, that is, Y is either continuous, or
discrete, or the mixture of the previous two. Since the
expression of S(#|x) varies in these three cases, for simplicity,
we only prove the consistency of the SMLE under the Cox
model in the first two cases.

Theorem 1. Under the Cox model with RC data, if Y is

either continuous or discrete, and ifS, (t,)) <1, then the SMLE (
(So(t), B) is consistent V ¢ € D (see Eq. (1.2)).

The proof of Theorem 1 makes use of a modified K-L
inequality. K-L inequality requires that f; and f are both
densities w.r.t. the measure u. That is | Af)du(z = 1. However, in
our case, we encounter the case that | Ar)du(?) € [0,1].

Lemma 1 (the modified K-L inequality). If £, >0, x, is a

f@)
f2(8)

measure, | f,()du,(t = 1 and [ f3()du,(¢ < 1, then [ £,()In
du,(?) > 0, with equality iff £, = f, a.e. w.r.t. u,.

Proof. In view of the K-L inequality, it suffices to prove

the inequality | JAG) 2_8 du,(f) = 0 under the additional
assumptions that | £,())du,(t < 1, [ £;()duy(¢t = 0 and | £,(6)du(t <
1, where 4, is a measure and u = g, + p1, Since [ f,(0du() = 1, f,
and f, are df's w.r.t. u.

(by the K-L inequality)

f()
f2(6)

du,(t) = [ fi(®)In duy (t).
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Proof of Theorem 1. Let Q,be the subset of the sample
space Q such that the empirical distribution function (edf) Fn,
(t, s, x) based on (M,, J,, X)) converges to F(,s,x), the cdf of (M,
d, X). It is well-known that P(€2,) =1. Notice that the SMLE (
So,B) is a function of (w, n), say (Son (H(w), ﬁon t)w) ,
where w € Q and n is the sample size. Hereafter, fix an v € Qo
, since .8(=ﬁn(w)) is a sequence of vectors in R’, there is a
convergent subsequence with the limit £*, where the
components of f. can be +o0. Moreover, S, (= S,, (‘)(®)) is a
sequence of bounded non-increasing functions, Helly’s
selection theorem ensures that given any subsequence of _SA'{,,
there exists a further subsequence which is convergent.
Without loss of generality (WLOG), we assume that SAO — S.
and f§ — .. Of course, (8., S.) depends on w(€ Q,). We
prove in Theorem 2 for the discrete case and in Theorem 3 for
the continuous case that:

(5.(6), B.) = (5.(£), B.) (@) = (So(t), B) V t €D (2.1)

Since w can be arbitrary in ,and P(Q,) = 1, the SMLE is
consistent.

Before we prove Theorems 2 and 3, we present a
preliminary result.

Lemma 2 (Proposition 17 in Royden (1968), page 231).
Suppose thatu, is a sequence of measures on the measurable
space (J, $B) such that u,(B) u(B),—> BERB, g, and f, are non-
7 ()

negative measurable functions, and ,{gg, , g)x) =
Then,

n
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) [ fdp < lime o [ fr dity;
(2)ifgn 2 fo (= 0)and lim J gndiy
= [ gdu, then [ fdu = lim [ frdp,.

Corollary 1. Suppose that u, is a sequence of measures on
the measurable space (J, B) such that®™ i, (B) — u (B), VY B€E
B, f andf, (n > 1) are integrable functions that are bounded
below andf(x), ., = lim f,(x). Then | fdu <lim, | f, du,.

Proof. Let k = inf, inf,f,(x). If £ > 0 then the corollary
follows from Lemma 2. Otherwise, let £, (x) = 0 A £,(x), £, (x) =
0 v £(x), f(x)=0 A fix) and f"(x) = 0 v fix). Then, £,” — £~ and
f.,— f point wisely, as, f, — f

lim, ., [f, du,=lim, . [ (" +/)dp, =lim, . [[f," du, +f;
du,]>[lim, . f," du+ [ lim, _f; du (by Lemma2, as f," (x) is
nonnegative and |f (X)| <k)=[/"du+[fdu=1(" + )du=]f
du.

Theorem 2. Under the discrete Cox model with RC data,
Eq. (2.1) holds.

Proof. For the given w € Q, and (S,, £.) in the proof of
(S., B.). Defining h.(1) =
and h.(f)x) = h.(¢)° (for S.(¢ -) > 0) yeilds S.(t}x) and

Theorem 1, as assumed, (So, § ) (@) —
Sc(t=)=S.(t)
S.(t-)
f«(tlx), which are continuous functions of S. and p..

Consequently, $(:|') — S.(‘|").

Let G(S,, f) = InL(S, ,
SMLE (3, §) satisfies

p)/n (see Eq.(1.3)). Then, the

Gn(So,B) = %Z(l - 8)InS(M;I1X,) + %Z 8 In(S(M; — I1X;) — S(M;1X)))
i=1

i=1

= f InS(t|x)dE,(t,0,x) + f In(S(t — Ix) — $(t1x))dE, (¢, 1,%) = G,(So, B). (2.2)
0> flnzg:g dFE,(t,0,x) +fln% dE,(t,1,x).
Let w(B) = Jy iii:ﬁ; dF(t,0,%)
where B is a measurable set in R”"'. To apply Lemma 2,
Let K(t,0,x) & (t1|X) (2 ig:g) then 2.3)
[K(t,0,x)dF,(t,0,x) = fs(t|X) dFE,(t,0,x)
- fS(th) dF(t,0,x) (asw € Qo) (2.4)

= [ s SU0dFc(D) dFix(®)  (by(12));
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S(tI1X)
S(t1X)

limp,eottn(B) = Limy ., [, dE,(t,0,x) 2.5)

_ f li S(t1X)
B

limy o0 5 6% dF(t,0,x) (by statement (2) of Lemma 2, (2.3)and (2.4))

= [, 280 4r(,0,%) (= [, Z s(e|x)dF ()dF(x) (see Eq.(1.2)))

S(t1X) S(t1X)
(2.6)
= Jp dE(£,0,x) & u(B).
Verify that [ in zg:g dE,(t,0,x) = fH(“;g:g igig dFE,(t,0,x), where
H(t) = tlogt > —1/efort > 0and H (S(t|X)/5(t|X)) = —1/e o
. S(tlx) B S(tlx), S(tlx)
lim oy | s AP0, = lim,. . [n G 50 (6 09
= im0 | HGED b (6, %) (see (2.5)
> [ lim, H (Sg:g)du(t x) (by (2.6),(2.7) and Corollary 1)
R S(t1X)
= [ limn oo H GGggs) 4F(8,0,%) (see (2.6)) .

S(t1X) s(t|X)
=/

e M 6 0.X)

S(tIX) s(t|X)
_ S(tIX)
=[In 5. dF(t,0,x)
.. LSt —1X)-StIX) 1 et
Similarly, since SE =R -sEX) < ST —O—S@0 = K(y,1,x) and

1

Jp Kt 1L,x)dE,(t,1,%) = [, T

dE,(t,1,%x)

1
= [y s Se(OAF (O dFx (),

letting v, (B) & [, SELZIX-SEX)

5 5 —-s) Hn (b 1X),

St —1X)-S(tIX)

SCE—I0—SE% dF(t,1,x) (by statement (2)of Lemma 2)

limy v (B) = [ limy,
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St —X-S.(EX)
= Js s WFE LX)

= [ 3 1(6%) € BYEER FelSc (R () (see Eq. (1.2)

= [, 1dE(t,1,x) € v(B). 2.9)

S(t —1X)-s(t|1x)

St =) n(t1,%)

Since [ In

_ St —1X)-s(tI1X), St —IX)-S(t|X)
- f H (s”(t —IX)—S(tIX)) st —I1X)-s(tIX)
(s(t —|X)—S(t|X))
St —1X)-stix)’ =
(2.4), (2.6), (2.7) and (2.8), we have:

dﬁn(ty 1; X)!

and v, converges set wisely to a finite measure v (see (2.9)), by a similar argument as in

St —1X)-s(t|1X)

St —1X)-3(t1X) dky (t.1,%)

Limy o f In

st —IX)—S(tIX)) St —1X)-3(tIX)
St —1X)-S(t1X)7 st —I1X)-S(tIX)

= limy, oo [ H( dF,(t,1,%)
St —1X)-S(t|X)

= f ll_nhz—on(g(t —1X)-$(t1X)

)dF.(t,1,%)

= [In ! ((?;)) dF(t,1,x) (asY is discrete). (2.10)

St —1X)-s(t1X)

S(tIX
02 [ In3 S 4R 0,%) + [ In T

S.(E1X) dF(t,1,x) (by Eq. (2.2))

_ SEX) Jichs)
= [ Ing g5 dF(6,0,%) + [ InZ725dF(t,1,%) (by 2.8)and (2.10))

>0 (by Lemma 1, the modified K-L inequality).

continuous then Eq. (2.1) holds.

Thus, [ In S“t";)) dF (8,05 + [ I’ ((ttl';‘)) dF(t,1,%) = 0. Hence,
Proof. For the given w&=Q and (S.f.) in the proof of

(S, () = (S()H)WHED by the 2nd statement of the K-L oo om 1 as well as f(w) and S(x)(w), we have S.(tx) =
inequality. (8.(0))™"_ By a similar argument as in proving Eq. (2.8), we
Theorem 3.Under the Cox model with RC data, if Y is can show:
S(tlx) S(tlx) S(tlx)
lim _,Oofln dE,(t,0,x) = lim _,oof (= ) dE,(t,0,x)
- S(tlx) —" S(tlx)” S(tlx) " @.11)
> (13X ar(t,0,%)

S.(E1%)

In view of Eq. (1.4) due to Y is continuous, we denote:

S(t — Np|X)-StIX)

G(t,x,n) = ST sa@m A= {G(t,x,n) < k,Vn} and By, = A \Ayx_1 (2.12)
_ St = nyX)-8t1X) _ S(t — Nu|X)-SIX)/nn  EL(EIX)
X = (TR RS0  SE = T X)=5ERo/mn  FrE) > 2.13)
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as S. is a monotone function, S. exists a.e., and so do
S.(#x) and F.(#]x). We have
[1(Uys1By) dF(t,s,x) = 1. (2.14)
The reason is as follows. For each (¢, x) such that F(f|x) >
0 and Eq. (2.13) holds,

s(t N |X)-S(tIX)

Qiqing Yu

F.(t)x) /F(f|x) (=f(1]x) /f (#]x)) is finite. Then, there exists n,
such that G(t, x, n) < 1 + F.({x) /F'(t|x) for n > n, . On the
other hand, G(z, x, n) is finite for n =1, ..., n, . Thus, G(¢, x, n) <
k for some k. Since Eq. (2.1) holds a.e. and | 1dF(t, s, x) = 1,
Eq. (2.14) holds.

We shall prove in Lemma 3 that

FEIX)

£ 2.15
llmn_,oof " =T RS dF,(t,1,x) = kal ) ———dF(t,1,x) for k> 1. 2.15)
Then,
St —nalx) = SEx)
lim, .o | In= — dE,(t, 1,
i [ 0 Sy 01
= lim, o | —InG(t,x,n)dE,(t,1,x)
= limy-o Bpsa Jy, ~InG (6% m)dEy (£, 1,%) (by (2.14))
= limy_e f f —InG (t,x,n)dE,(t,1,x) dv(k) (dv is a counting measure)
k=1/B
= li_mn_,mf f H((G(t,x,n) )G (t,x,n)dE,(t,1,x) dv(k) (H(t) = tint)
k=1/B
ZJ li_Tnﬂ—moj H((G(t,x,n))" DG (t,x,n)dE,(t, 1,x)dv(k) (by Corollary 1, as
k=1 By
1
H(t) = —- and In(G(t,x,n))"*dE,(t,1,x) isbounded below by — 1/e
By
= Zkzl li_nyl—mo ka —lnG(t, X, n)an (t' 1' X) ( by (215))
(2.16)
f(tlx)
In dF t,1,x
Z f f.(t|x) ( )
Fax
= [In LG R dF (61,0
Since $(t|x) is the SMLE,
S(¢tlx) St —nalx) = S(Ex) .
0> limy e || M———=dE,(t,0,x) +fl — dE,(t,1,%x)
" [ S(tlx) S(t—nal0) = Stlx) "

S(tIX) fEIX)
>
> [In dF(t,0,Xx) +flnf*(t|x)

S.(E1X)

dF(t,1,x) (by (2.11) and (2.16))

>0 (by Lemma 1 (the modified K — L inequality)).
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3. RESULTS

S(t
The last inequality further implies that Jin s*((t||);)) d F(t,0,x) +

JIn 2 F(1,1,x) = 0. Thus, (S, (2),6) = (S.(1).5) V1€ D by the
2nd statement of the K-L inequality and by the assumption

ASL
Lemma 3. Inequality (2.15) holds.

Proof. Let k > 1 andv,(B) & [ = G, (t,x,n)d
n

F'n (1, X)’ where B is a measurable set and G(t,X,n) =
St —1X)-S(t1xX)

SCE = -SEX) € [0, k] on By,

T{mvn(B) = 11113.10 anBk G, (t,x,n)dE,(t, 1,%)

= anBk lim G(t,x,n)dF(t,1,x) (by Lemma?2, as G(t,x,n) € [0, k])
n—-oo

= [ 106, %) € BABYEER £(e0S.(0)deR () (see Eq. (1.2))

dF, (t,1,%) & dv(B)

= Jonm, (see Eq. (1.2))

CONCLUSION

Since H((S (-1,%) - (S @V S (-n,x) - (S () = - Ve
and v, converges set wisely to a finite measure v by a similar
argument as in (2.4), (2.6), (2.7) and (2.8), we can show that:

lim f lns(f—nnlx)—S(tlx)
7 g St = 1alx) = S(t1%)

k

dE,(t,1,%)

S(t — NplX)-sE1X), $(t — Ny, |X)-S(EIX)

S = RS 5(E = 1) —sceo LUn(t: LX)

= li_‘n%l—mo ka H(

. S(t — Ny|X)-st1x) :
2 ka ll—m""“’H(S(t — Na|X)-$tIX)
- F1X)
= o

YAE,.(t, 1,x)

fork=1. D

dF(t,1,x)
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