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Abstract:
Objectives:
To study the asymptotic theory of the randomly wieghted partial sum process of powers of k-spacings from the uniform distribution.
Methods:
Earlier results on the distribution of the uniform incremental randomly weighted sums.
Methods:
Based on theorems on weak and strong approximations of partial sum processes.
Results and conculsions:
Our first contribution is to classify the multitude of earlier proofs in Section 3. The second contribution consists of a new class of proofs.
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1. INTRODUCTION the Xs, Van Assche [1] obtained the exact distribution of S, (1,
Let 0= Uy < Uy < Uy << Upnogy < Ugy = 1 be 1,1, F). Johnson and Kotz [2] studied some generalizations of

the order statistics of a random sample of size (n-1) from the Van Assche .resu.lts. Soltani and Homei [3] cF)nsidered the finite
U(0,1) distribution. Let £=1,2, ... be arbitrary but fixed and sample distribution of S, (1,7,1, F). Soltani and Roozegar [4]
assume that n=mk. The U (0,1) k-spacings are defined as considered the finite sample distribution of a case similar to S,
(1,k,1, F) in which the spacings (1) are not equally spaced. It is
interesting to note that S, (¢,k,r, F) of (2) is also a randomly

Rir = Uy — Uik, t = 1,2,---,m. 1
L @ @0 M weighted partial sum of powers of k-spacings from the U(0,1)

Let X,, X,,... be iidrv with E(X)=g, Var(X)=¢'<co and Sistribution.
common distribution function F(.). Assume that the Xi’s are Here, we will obtain the asymptotic distribution of the
independent of the Ui's. Define stochastic process
1
SL7r.,,T—1
ZL['ZIf] Ry Xi, —<t<1 an(t kv, F) = ma{k"m’ St k.7, F)
Sm(t, k,T, F) = m 1 (2) m\L L0 O
, 0<st< o ’
1 3
—tup) —<t<1 C)
where [s] is the integer part of s and >0 is fixed. 0<t< %’
Looking at S, (¢,kr,F) of (2) as a weighted partial sum of
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I'(k+1)
Hik = F(k) k 11>0 (4)

and I'(.) is the gamma function.

The motivations and justifications of this work are given
next. First, as noted by Johnson and Kotz [2], S, (/,1,1, F)is a
random mixture of distributions and as such it has numerous
applications in Sociology and in Biology. Second, the
asymptotic theory of S, (tkr, F) is a generalization of
important results of Kimball [5], Darling [6], LeCam [7],
Sethuraman and Rao [8], Koziol [9], Aly [10] and Aly [11] for
sums of powers of spacings from the U(0,1) distribution.
Finally, we solve the open problem of proving the asymptotic
normality of S,, (1, 1, F) proposed by Soltani and Roozegar

[4]-
2. METHODS

2.1. The asymptotic distribution of am (., &,r, F)

Let Y,,Y,,... be iidrv with the exponential distribution with
mean 1 which are independent of the Xi's. By Proposition
13.15 of Breiman [12] we have for each n,

{0 =Uw0), Uy, Uy Un-1), Uy = 1}

2{0 Y, Y1+Y Yi4+Ya+4Yn_q 1}
DX €20 Y% CAD N ¢

Hence, for each m,

(Rypl<i<m}= { ”;lklsiSm},

where for 1<i<m,
Zik = Yi—yr+r T+
are iid Gamma (k,1) random variables. Hence, for each m

Spt ke, F) 2 3m 7r %, /(s 7)) 0<t<1 ()

and
O(m(-, k; T, F) g ﬂm(' k’ T, F), (6)
where
0, o<t < =
ﬁm(tr k,1, F) = {mz [k" r— 12[mt] ZrkX (7)
/(Z2 Zi,k) - tuyr’k}, %S t<1

Let u,, be as in (4). Note that

E(Zil,k) = Uik
E(Z[}X:) = Uty k) ®

ot =Var(ZX) = 0%t + 1 {Har gk — 1 s}

Emad-Eldin A. A. Aly

and
Cov(Z{y X1, Ziy) = TUMy k-

The following Theorem will be needed in the sequel.

Theorem A. There exists a probability space on which a
two-dimensional Wiener process {W¢(s) = (W, (s), W»(s)); s = 0}
is defined such that

( ms]( kX er)st]

sup
0ss<1

1 &)
(Zj - k))t - ﬂt([mS])H o (mi),

where E W (s)=0, and

EW(s)W!(t) = min(s, t) [ Tﬂﬂr,k]' 10)

Ulr i k

Theorem A follows from the results of Einmahl [13],
Zaitsev [14] and Goétze and Zaitsev [15].

The main result of this paper is the following Theorem.

Theorem 1. On some probability space, there exists a
sequence of mean zero Gaussian processes I,(t, k, r, F), 0<t<I
such that

m

1
sup |ay,(t, k, 7, F) — T, (t, k, 7, F)| Lo (m_z), ar)

Osts1

where

Fm(t,k,r,F)gF(t,k,r,F) for each m,

and
2 Tzﬂzﬂgk
E{T'(t,k,7,F)L(s,k,7,F)} = (t As)oy;, — — - ts. (12)

Theorem 1 follows from (6) and the following Theorem.

Theorem 2. On the probability space of Theorem A,

1
Sup ﬁm(t’ k: r, F) - m_E {Wl (mt)
0st<1 (13)

- )| o (),

where W () is as in (9).

Proof of Theorem 2: We will only prove here the case
when E(X)=u+#0. The case when u=0 is straightforward and can
be looked at as a special case of the case u#0. Note that

m2k Am(t)

(m 2?;1 Zi'k)r’

Bm(t, k, 7, F) = (14)

where

— Ul ki (i Xt Zj.k)r

([mt]-mt)
m

Am() =3 77 X

i (zr, #ur,k) + Uitk
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.
+py it — t#ﬂr,k% (iZ?il (Zj,k — k) + k) . (1s)

It is clear that, uniformly in ¢, 0<¢<1,

|[mt]-mt| < l (16)
m

m

By (9), (15) and (16) we have, uniformly in £,0<¢<1,

An(®) E Wy (me) + = (W, (fme]) — Wy (me)) +0 (5) +
an

1 Y 3
it = tiptrye (14 S Wo(m) + 0(m™)) +o(m™).

By Lemma 1.1.1 of Csérgd and Révész [17] we have,
uniformly in £,0<¢<1,

S.

1 a. 1
L 1wy (fme]) - Wy (mo)| = 02 JTogm).  (18)
By (17) and (18) we have, uniformly in #,0<¢<1,
An(0) Z Wi (me) + 0G,\/logm) + it
3 \T 3
— i (1 +— W (m) + o(m_Z)) +om™®) (19)
as. 1

trupy, _3
= —W,(mt) — LW, (m) + o(m ™).

By the LIL

(%Z{Zl Z,-,k)r = (k +0 (m_% /10glogm)>r
k40 (m_%w/loglogm).

By (14), (19) and (20) we have, uniformly in ¢,0=¢<1,

20

1
m2k”

as. 1
Bt e, F) % —— "Ly, (me)
kr+0(m_7‘/loglogm>
t _3
T Y7, (m) + o(m 1)}

a.s.

1 1
= m72 (W (me) — T W, (m)} + o (m 7).
This proves (13).
Corollary 1. By (4), (8) and (12),

Tul'(r+k)
VKT (k)

Pk F) 2 A W() + B(), @D

where

2 _ T@r+k) 5 2 [T@r+k)  (r2+K)r2(r+k)
Tk T (k) o+ { T'(k) kT2 (k) }’

W(.) is a Wiener process, B(.) is a Brownian bridge and
W(.) and B(.) are independent.

Corollary 2. By (11) and (21) we have, as m—0,

D D
anCokr, ) 2T km ) 2 2,0 () + B g ) 2)
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and, in particular,

an(Lkr,F) S N(0,22,). @3

Some special cases of (22) and (23) are given . For r=1 and
k>1,

Mk 1,F) =0 Jk(k+ DW() +uvkB()
and
(1 k,1,F) 3 N(O, k(k + 1)o2). For r > 0 and k = 1,
(-, 1,7, F) 2 A W () +rul(r + 1)B()
and
tm (11,7, F) 5 N(0,22,),
where
22, =0T@2r+1)+p*T2r+1) - 1+ rHr2(r + 1}

3. RESULTS

In this section, we will use the same notation of Section 1

3.1. The scaled sum case

Define
1 [mt] pr 1
ey = TR fude =est
m, 1\t =
0, 0<t<—
m
and
1(krmr 1
mz{_ ma(t k7, F) = t}, —<t<1
Yma(t k7, F) = { Hr e ~ 1
0, 0<t<—.
m
We can prove that
D
Vma(t ko, F) = yi(t ko, F),
where
L 1
NGk F) = S0 = L tWa (1) = LW (D,

(W,(.),W,(.),W,(.))" is a mean zero Gaussian vector with
covariance (t A s) Y, and

Ofk  THlrk Ofrk
Y1 =|Thire K 0
O-Zﬂr,k 0 o?

Let
2 _ (Hark _ 1) (22 _r
52, = (ﬂz 1) (Z+1)-L

T,k

‘We can show that
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D r2 o2
v1(t, kv, F) = 6., W(t) + /? + PB(t)‘

where W(.) is a Brownian Motion and B(.) is a Brownian
bridge and W(.) and B(.) are independent. Consequently,

)/m,l(lr k' T, F) B) N(O, 53’]().

When r=1,k>1
2
612']{ = l:-_[lz.
When >0,k=1
= (fer+d _ ) (2 _ 2
5” - (FZ(r+1) 1) (;ﬂ + 1) r.
3.2. The Centered Sum Process
Let X =— m1 X; and define
s R (X -X), S<t<1
T2t k1, F) = m 1
) 0<t<-—
m
and
K'm' 2T, (tk,r F), ~<t<1
Vm,Z(tJ k,T,F) = e " 1
f 0<t< i
We can prove that
D
)/m,Z (tr kr r, F) d )/Z(tl k: r, F);
where
}/Z(tr kl T, F) = Wl(t) - :uWZ(t) - AuT,ktW3(1)'

(W,(.), Wy(.), Wy(.))' is a mean zero Gaussian vector with

covariance (¢ A s) Y, and

ok u(tizr — UEk)  OPHrk
X2 = #(.UZr,k - ﬂf,k) Horp — #12‘,1(. 0
Uzﬂr,k 0 o?

We can show that

D
16kt F) 2 o fHori = k2 W@ + i BO)

where W(.) is a Brownian Motion and B (.) is a Brownian
bridge and () and B(.) are independent. Consequently,

Ym,z(L k: T, F) B) N (0' 0-2 (#Zr,k - Mg,k))'

When =1,k>1
D
Ym2(Lk,7,F) = N(0,ko?).
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When > 0,k=1
Yma(Lk, 1, F) 3 N(0,02(T(2r + 1) = T2(r + 1)),

3.3. The Renewal Process

For simplicity, we will consider the case of 7=1. Define

Z[mf] R
Sm(t) =

1 1
* ;ZE 1 kX/(Zl IZLk) ;Stﬁl
Tm(t) = o

1
Ny, (t) = inf{u: Sy, (u) > t},

My, (t) = inf{u: T, (w) > t},

maku{Ss (O — ), L<t<1
() = m=t=
, o<t<<,
m
(T () — 1), ~<t<1
mzku —t}, =<t<
() = " m .
) 0o<t<<,
m
:
Nm(t) = m2ku{t — N, (0}
and
1
$m(t) = mekuft — M, (D)}

By (5), for each m
() 2 Brn() and 11 () 2 £ (). 24)
Note that (see (3))
am() = an(, k1, F)

and hence, by Theorem 1

1
sup |aj,(8) = Tn(t,k, 1, F)| = 0 (m3),

0sts1
where I, (., k, 1, F)is asin (11).

Theorem 3. On the probability space of Theorem A,

1 1
sup [N, (t) — (O] L o (m_Z(logmloglogm)E),
0st=<1

where
Tn(t) = m2(W, (mt) — tuWy ()}~ @29)

and W(.) is as in (9).
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Theorem 3 follows directly from (24) and the following

Theorem.
Theorem 4. On the probability space of Theorem A,

a.s. _1 1
sup |&,(t) — L) = 0 (m 4(logmloglogm)2),
0<t<1

where I, (t) is as in (25).

Proof: By (7),
[ﬁ;() = ﬁnlC!krlvF)'
Note that

En() = Bin(Myn (£)) — mikpp{T (Mo () — £1.

Hence
sup |Em(t) - Fm(t)l < Eml + Emz + Em3'
0s<t=<1

where

Epmi = sup |Bn (M (£)) = Tn (M (D)1,

Ost=s1

1
Epmy = m2kp sup | T (M, (2)) — t]

O<t=1
and

Ems = OSLtlpllrm(Mm(t)) - Fm(t)l-

By Theorem 2 and the LIL for Wiener processes,

and
sup |T,(8) —t] = 0(y/m~loglogm)
0st=1

By a Lemma of Horvath [18]

sup My, (¢) — t| < sup [T (¢) — t]
0st<1 0=st<1

and hence

sup [ M, (t) —t| = O(WIm‘lloglogm).
0sts1

By the proof of Step 5 of Horvath [18] and Theorem 2 we

can show that
as. _1
Epo = O(m 4logm).

Asto E,;,
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Ems < Emz1 + Emzaz, 30)

where

Epns1 = sup|Wi (M (8)) = W1 (D)]

and
_1
Emso = m zu|Wo(m)|sup|M,, (t) — t|.

By (28) and Lemma 1.1.1 of Csérgd and Révész [17] we

have, uniformly in 7,0<¢<1,

Epz1 = sup|Wi(t + (M (2) = £)) = Wi (0)]

a.s

AR TAC]

= sup
1
(26) 0<h<m™2(loglogm)2
1
o (m_L/logmloglogm). GD
By (28) and the LIL for Wiener processes,
1
Epmsa =0 (m_Eloglogm). 32)
By (30)-(32),
1
Epms =0 (m_L/logmloglogm). 33)
By (26)-(33) we obtain Theorem 4.
4. THE RANDOM VECTOR CASE
27 Let X,, X,.. be iid random vectors with
¢
E(X)=p= (B2 tp) and Var(X) =% = [oy]-
Assume that the Us and the R, ;s are same as in Section 1
and are independent of X, X,,... Define
1
ymaprx, ~<t<1
St kyr, Py = {7 T m
) 0<t<—
m
and
1
0, 0<t<—.
1 m
(28) (b k7, F) = {mz {krmr 15, (¢, k, 7, F)

1
— ), S<t<1

Theorem 5 is a generalization of Theorem 1.

Theorem 5. On some probability space, there exists a
of  Gaussian processes

29
mean Z€10 sequence

{Em(t' k,r,F),0<t< 1} such that
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sup ”Em(t, k7, F)—Tn(t kT, F)” 2, (m_%)_
osts1
where, for each m,

C( k7, F) 2 O(, k7, F),

ET(s, k, v, )Tt (t, k, 7, F) =

(1)  rIr2(r+k)
(tAs) Zr,k - k[‘z—(k)ts%t

and

(1) _ T(2r+k) r@r+k)  T2(r+k) ¢
Zr.k 7Tk ) +{ T'(k) 2 (k) }_

Corollary 1 *. By (11) and (21) we have, as m—0,
D
am (k1 F) > L(, k1, F)
and, in particular,

an(Lk,r,F) S mvn(0,5%),

r(2r+k r(2r+k k+12)r2(r+k)
y@ _rer )Z+{” ) _ (kr?)ree }%t.

rk T Tk (k) KT2(k)

Particular cases of Corollary 1* are given next.

Forr=1and k>1,
ET(s, k, 1, F)Ti(t,k,1,F) =

(tAs) 251,2 - tsk%t,

S =k(k+ DY + kupt
and

L(1,k 1,F) 2 MVN(0,k(k + 1) %)

Forr>0and k=1,
ET(s,1,r, F)T(t, 1,1, F) =

(tAS) 2511) —tsr2T2(r + Dupt,

Y =r@r+1n3 +

{T@2r + 1) = T2(r + Dy’
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and
r(1,1,7,F) 2 MVN(0,3" ),
where
Y =TQ@r+1Y +{r2r+1)
— (L + 132 (r + Djup.
CONCLUSION

We proved the weak convergence of a stochastic process
defined in terms of partial sums of randomly weighted powers
of uniform spacings. The asymptotic results of several
important generalizations and special cases are given.
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