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Hitting Time and Place of Brownian Motion with Drift
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Abstract: We consider a d-dimensional Brownian motion in R® with drift. The explicit expressions are obtained for the
joint density of the hitting time and place to a sphere, when the process starts either from the inside the sphere or from the

out of sphere.
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1. INTRODUCTION

Let{X(t), t > 0}be a standard d -dimensional Brownian
motion with drift c¢: X(t)=B(t)+ct, t>0, where B(t)
is the standard d -dimensional Brownian motion,
ccR‘(d >2) is a fixed vector. Let us denote by P?(+) the
probability measure on the path space of X corresponding to
initial value X(0) =x and drift vector ¢, E;(s) the corre-
sponding expectation operator. For simplicity, we shall write
P (+) and E, (¢) to refer the case ¢ =0. For r >0, consider

the sphere 9B, = {x: xeR?, |x|=r}. The first hitting
time of X through 9B, is defined as T = inf{t>0:
| X(@)|=r}. As usual, we take inf{@}= +oc. The first
hitting place is X (I'r) Because of the sample path continu-
ity of the process, X(T,) lieson 0B,.

A Laplace-Gegenbauer transform of the first hitting time
and the first hitting place to a sphere centered at the origin
was found by Wendel [1]; Betz and Gzyl [2, 3] gave another
proof to Wendel's exterior problem. Yin [4] extened
Wendel's results to the case of Brownian motion with con-
stant drift. The joint density of the first hitting time and the
first hitting place of a sphere by Brownian motion which
starts at any point inside the sphere was obtained by Hsu [5].
The aim of this paper is to obtain the joint density of the first
hitting time and the first hitting place of a sphere by
Brownian motion with or without drift which starts at any
point in space.

The following notation can be found in [6]. Let
J and N denote the first and second Bessel function of or-

der v, respectively. Let | and K denote the first and
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second Bessel function of purely imaginary argument, re-
spectively. Let C~  be the Gegenbauer polynomial of degree
m and order v, which is defined via its generating function:
1-26t+ 6" =
Co=1C/=1Cl=2T /m, hereT is the mth Tcheby-
cheff polynomial: T _(cos#) = cosmé. Set h=(d —2)/2.

~,Cutp". It is customary to take

We use {q,,,, n>1} to denote the positive zeros of J ., in
the ascending order.
2. LEMMAS

In this section we give several lemmas for latter use.

Lemma 2.1. ([6]) Let o(dy) be the d —1dimensional vol-
ume measure on 9B, (d > 2), then

f N C"(cos#)C, (cos O)a(dy)

zﬁ%r”*h h .
(m+h)r(%) C,(), m=k,d>3
_| wmcy@, Mek=0d=2
m= k = O' d — 2’
27r,
0 m=k, d>2,

where 6 = /x0y, x € R°.

Lemma 2.2. ([5]) For |x|<r, a>0 and d > 2, then

_zi qm,n‘]m+h (L)r(‘ qm,n) — Im+h (\/Z | X I)
T @rla+gl ) @,) 1 (2ar)

m+h

where m >0 is an integer.

Lemma2.3. For |[x[>r, a>0and d>2, then
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fx‘ AUy ATXDNG AN =3, AN, ATXD) _E—Kmﬂ*(@ ) where m> 0 is an integer
0 (2 +20)(3%,, (Ar)+ N2, (Ar)) 2 K,,(W2ar) -

Proof. Using the recurrence formulas (see [6]):

L(x"K,)=—x"K L(x"K))=—Xx"K_,, &(x'Z)=—-x"Z L(x"Z)=—x"K

v—1' dx v+1?  dx v-1' dx v-1?

where Z =J or N , we get

m+h m+h m+h m+h

o K (V2aR
f EM(J ORIN__ (Ar)—J (AP)N__. (AR))RdR = —— = .
° 2K, . (V2ar) 200+ A
The result follows immediately from the Weber's inversion transform (see [7]). This ends the proof.

Letting k=0 in Lemma 2.1, we have

Lemma 2.4. Let o(dy) be the d —1 dimensional volume measure on 9B (d > 2) , then

d
2r2rdt — 0,

fg A C(cosf)o(dy) =1 '@
' 0, m>1,

where = /x0y, x€R"’.
Lemma 2.5. Let x, c € R(d > 2), o(dy) bethe d —1 dimensional volume measure on 9B, , then

faBr e”'Cl (cosf)a(dy) = 2(rm)> () ™1 . (I c|r)C](cos £cOx).

where 0 = /x0y, x€R’.
Proof. Using (1.5) in Yin [4] and Lemma 4 in [6, P.245].

3.HITTING SPHERE FOR BROWNIAN MOTION

Yin and Wang

In this section, we will give the joint density of the first hitting time and the first hitting place of a sphere by Brownian mo-
tion is derived based on the Laplace-Gegenbauer transform obtained in Wendel [1]. The result in Theorem 3.1 is due to Hsu [5],
which was obtained by solving the heat equation with Dirichlet boundary condition satisfied by the transition density function

of the Brownian motion in a ball.
For the interior problem we have

Theorem 3.1. For x, ye R*(d >2), |x|<r, |y|=r and t >0, then

(1) for d >3, we have

I(h)(m-+h)C!(cosb)a, J,..(Xq, ) ,“jm;t_

P(T, edt, X(T,) € dy)/ dto(dy) = -5 5

ot 2ﬂ_h+1rh+3 | X |h J |m+h (qm'n)

>

(2) for d =2, we have

2
qVT\,I" t
212

1

= q, J, (& by e e g cos(md)d_ (¥ -
Px(Tr 6 dt, X(Tr) 6 dy)/dt(j’(dy) = — Me 2,2l _ZZ qm,n ( ) m+h(r qm,n)e

n—=1 27r3d .0 (qovn) m=1 n=1 mr’d lm (qm,n)
where 6§ = Zx0y, o isthe d —1 dimensional volume measure on 9B, .

Proof. Let us denote by H(t,y) the right hand side of (3.1). For « >0 and integer k >0, using Lemmas 2.1 and
2.2 we have

(3.1)

(3.2)
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o T(h) (m+h)qmn nen (7 G
j; fa € ‘c:(cose)H(t,y)dta(dy):—z T hZZ h

m=0 n=1 m+h (qm,n)

ZrhC (1)2“2 qk,n‘]k+h(|rﬁqk,n)

n=1 (2r2a + qfn)‘] Ik+h (qun)

00 —z)l—q'%‘—‘"t
2r? h h —
xfo e dt><faB C,.(cos0)C_ (cosd)o(dy) =
[ ] orp 20 1XD.
k
x| 1, (2ar)
On the other hand, from (3) in Wendel [1] we get

fxf e "C/(cosf)P (T, edt, X(T )edy)= TS (1)|"*“(\/Z|X I). (3.4)
0 0B, |X|h |k+h rr)

It follows from (3.3) and (3.4) and the uniqueness that P (T < dt, B(T,) € dy) = H(t, y)dto(dy).
This proves (3.1). Eq. (3.2) can be proved along the same lines of (3.1) and thus the proof is omitted.
Remark 3.1. When r =1, the result (3.1) coincides with (13) in Hsu [5].

Corollary 3.1. For xc R%(d >2), |x|<r,and t>0, then

P(T cdt)/dt=>— 0o - % [' X '] (g, e Zor"t. (3.5)
= S (Al

Proof. Integrating (3.1) or (3.2) with respectto y € 0B, using Lemma 2.4 and J', (q, ) =—J,,,(d,,) -

For the exterior problem we have

Theorem 3.2. For x, ye R*(d >2), |x|<r, |y|=r and t >0, then

(1) for d >3, we have

d
P(T edt, X(T)edy, T <oo)/dto(dy)= —#Z(mjt h)C (cos0)
2rhrr? (r|x|) m=0 (3.6)
" focA(Jmh(AIXI)NM(/\r) Jon AN X)) o dx: '
0 J2 ()\r)+ N2 (r)
(1) for d =2, we have
P(T edt, X(T.)edy, T <o)/ dto(dy) = fiwcg (cos 6)
r
3.7
[ 2 KDN, 00 3, 00, Q1) . G0
0 JZAr)+NZ(ar)
Where 0 = Zx0y, o is the d —1dimensional volume measure on 9B and D(m,|x[) = Lfm=0; 27r|x|’
if m=0.
Proof. Let us denote by G(t,y) the right hand side of (3.6). For o >0 and integer k >0, using Lemmas 2.1 and
2.3 we have
o —at~h _ (d) =
f f e "'C} (cosA)G(t, y)dto(dy) = ————2——> " (m+h) f C!'(cos)C" (cos h)o(dy)
o o8 2rhm? " (r | x )" ™o 9

K, (V2o | X))
Ky.n(V2ar)

> foc /\(‘]m+h (>\ | X |)Nm+h (Ar) m+h (Ar)Nm+h(>\ | X |)) 7%1 at

dAdt = [ r ] ch)
J2 (Ar)+ N2 . (Ar) [ x|

On the other hand, from (6) in Wendel [1] we get
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f f e C/(cosf)P (T edt, X(T)edy, T <oc)= [l J e klhigﬂ:)l). (3.9)

It follows from (3.8) and (3.9) and the uniqueness that P (T < dt, B(T ) € dy) = G(t, y)dto(dy) .
This proves (3.6). (3.7) can be proved along the same lines as the case (3.6) and will be omitted.

The following corollary follows immediately from Theorem 3.2 and Lemma 2.4.

Corollary 3.2. For xc R*(d >2), |x|<r and t>0, then

= A(J, N, -J, N, Ly
|X| J? ()\I’)-i-N (Ar)
4. HITTING SPHERE FOR BROWNIAN MOTION WITH DRIFT

In this section, we will give the joint density of the first hitting time and the first hitting place of a sphere by Brownian mo-
tion with constant drift. The results can be proved, as in the last section, by inverting the Laplace-Gegenbauer transform for
Brownian motion with drift obtained in Yin [4]. Or, using Girsanov's change of measure theorem for Brownian motion. We

give the results without proof.

For the interior problem we have
Theorem 4.1. For ¢, x, yeR%(d >2), |x|<r, |y|=r and t >0, then
(1) for d >3, we have

R x 2 T'(h)(m+ h)C" (cosé L] amn
P(T. € dt, X(T,) € dy) / dto(dy) = —e"0 ™S % (h)(m+N)C,, (€05 0),, I (v U,

m=0 n=1 27Th+1 e | X | ‘J Im+h (qm n)

(2) for d =2, we have

_cos(mg)d (%q ) Shay

or(y=x)-Left | o qu‘]o(%qu qunt RN
PE(T, e dt, X(T,) € dy) / dto(dy) = ™ #0115 7ot 2ate = e ,
;27”'3\] o(0g,) mz:;; 7r*d’ (q,,)

where 0 = Zx0y, o isthe d —1 dimensional volume measure on 9B, .

Corollary 4.1. For ¢,x € R‘(d >2), |x|<r and t >0, then

(1) for d >3, we have

—cex—Lcfit ZhP(h)
e ’ 2 h
re(e]-1x1)
x_(m+h)CP (cosZc0x)q, 1. . (richI . (%q, )

2
o 7qm,nt
m 2
i ’ A 2r -
XZZ ' © ’
n=

m=0 J m+h (qm,n)

P(T, edt)/ dt = —

(2) for d = 2, we have

PE(T € dt)/ dt

— _efc.x—%\qzti %o.n |0(r2| c D3, (2a,,) e’i%t

"~ r J (qo n)

—eox— Wii wn €OS(MZCOX)1 (r|c])J, (Mg ) e,
()

Proof. Integrating (3.1) or (3.2) with respectto y € Z ¢(0,r) and using Lemma 2.5.

For the exterior problem we have
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Theorem 4.2. For ¢, X, yeR%(d >2), |x[>r, |y|=r and t >0, then
(1) for d >3, we have

Lefe

F(g)ec-(yfx)f2
— (m+h)C (cos®)
2rhr®* rx)" mZO

><focA(Jmm(/\IXI)NM(AF)— m+h(>\If)Nm+h(>\|><|)) e
0 3 () +NZ, ()

PS(T. cdt, B(T.) € dy, T, <o)/ dto(dy) =

dx;

m+h(

(2) for d =2, we have

P (T edt, B(T.)edy, T, <oo)/dto(dy) = fec"y’*”%'“ztzwcg (cos0)
r

= A, A XN, A) = I, AN, (A X D) -3
xf di,
0 J? () + NZ ~(Ar)
where 6 = Zx0y, o is the d —1 dimensional volume measure on 0B and D(m,|x ) _Tlxl’ if m=0; 27r|x| ,if m=0.
The following corollary follows immediately from Theorem 3.2 and Lemma 2.5.
Corollary 4.2. For ¢, xc¢R*(d >2), |x|>r and t>0, then
(1) for d >3, we have
—cex—2L[cl? F h 2h >
PY(T edt, T, <oo)/dt=—e z'“LhZ( m+h)l_,(r|c|)C" (cos £cOx)
' m(lc|-Ix])" &
><fod\(Jmh(/\l><|)Nm+h()\lr) I ANON L (A]X]) e Mg
0 J2 (/\I’)—i— N2 L(Ar)
(2) for d = 2, we have
PI(T cdt, T <oo)/dt=—e " *[11 r1e)+ M1 (r]cC? cos £c0x)
s raile
o A(J (AIXIN_(Ar) =3 _(Ar)N_(A|X])) -1
[ AOODDN, 00 3 QN QXD 1
0 J2(Ar)+ NZ(Ar)
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